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1. Introduction

We consider the following (MPEC) in which the constraints are

defined by a nonlinear complementarity problem:

min f(x, y) st. 0< F(x, y)Ly >0, (1.1)

where f: R""™ —» R, F : R"™™ — R™ are continuously differentiable,

and a L b denotes orthogonality of any vectors a, b € R", i.e., a'b=0.

Such problems play an important role in many fields such as the design
of transportation networks, economic equilibrium and engineering

design etc., see [2].

Due to the existence of the complementarity constraints, it is a very
difficult research to solve the (MPEC). There have been many scholars to
study the (MPEC). Outrata et al. [3] pointed out that the Mangasarian-
Fromovitz constraint qualication (MFCQ) does not hold at any feasible
point of this (MPEC). So the theory for nonlinear programming can not
be directly applied to the problem (1.1), hence standard methods are not
guaranteed to solve such problems. [1] proposed a class of SQP
algorithms for the solution of a kind of mathematical programs with
linear complementarity constraints (MPLCC). However, they only

possess global convergence.

In this paper, by means of the perturbed technique and a generalized

complementarity function ¢(a, b, p)=a+b-+a? +b%+2u, (a,b) e R,

we transform equivalently problem (1.1) into a nonlinear equation
constrained optimization problem. Then, we propose a new algorithm for
the solution of (MPEC) problem by introducing a project variable metric
algorithm. Under some suitable conditions, the proposed algorithm is

proved to possess global convergence and superlinearly convergent rate.
2. Preliminaries, Equivalent Reformulations and Algorithm

The problem (1.1) is equivalent to the following reformulations:

min f(x, y) st. w=F(x, y),w'y=0. 2.1)
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The symbols we use in this paper are standard. For convenience, we
list some of them as follows:

z=(x, y,w), t=(y,w), k= (xk, yk, wk), th = (yk, wk),
dz = (dx, dy, dw), dt = (dy, dw),
dzF = (dx®, dy®, dw"), dit* = (dy", dw"), Xg = {z : w = F(x, ),
wly =0},
AT =(af, af, -, al), b7 = (b, by, -+, b,), L = {1, -+, m}.

Throughout this paper, we suppose that the following assumptions
hold:

H 2.1. The functions f(x, y) and F(x, y) are all twice continuously
differentiable.
H 2.2. For all z e X, the vectors {aj(z):je T} are linearly

independent.

Proposition 2.1. Suppose that z" € X, satisfies the so-called

nondegeneracy condition:
(yi,w;)#(0,0),i=1,2 --m. 2.2)

Then z* is a stationary point of the problem (2.1) if and only if there exist

multipliers (A", u*) € R™ x R™ such that

0
(Vf(x*, y*J . (VF(x*, y*)}; w2 o 2.3)
0 Yy* ,

*

; and

where W* and Y* are diagonal matrices with diagonal entries w

y;, Jj =1~ m, respectively.

In this paper, we use a complementarity function ¢: R x [0, +0) > R
defined by
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o(a, b, p) = a+b—+a? +b% +2p, for (a, b, p) € R2x[0, + »). (2.4)

For the complementarity function ¢, we have the elementary
property as follows:

ola,b,u)=0<a>0,b>0,ab=p (2.5)

This kind of function has wide applications to transform a
complementarity constraint into an equality constraint. Obviously,
o(+, +, -) is differentiable at any (a, b u) = (0, 0, 0),

T
(atp(a, bu) oo(a,b u)jT _ [1 _ a 1— b J (2.6)
da ob \/a2+b2+2u \/a2+b2+2u

and

og(a, b, p) dg(a, b, n)
0 < %G <2,0< b < 2,

2 2
(%(a, b, u)) N (atp(a, b, u)j S 3_9v3 > 0.
oa ob

We now consider the following perturbed problem associated with
problem (2.1):

min f(x, y) 2.7

(NLP,) st w=F(x,y), ®(y, w,pn)=0,
where ®(y, w): R?™ — R™ is defined by

O(y, w, 1) = (@(y1, wi, 1), -+, WYm> War> W) 2.8)
Let z* = (2%, y*, w®) e R" x R™ x R™ and let (yik, wf, ug) = (0, 0, 0).
The following equality holds:
vV o(t*, wy,) = (08, 8T, (2.9)
where

Il =T(y*, wk, ) = diag(y(yF, wl, wp) i =1~ m),

rE = T(w", y*, uy,) = diag(y (wk, y%, up) i =1~m),
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Qa
'Y(a, b, u)—l—ﬁ
a” +b” +2u

Obviously, it is easy to obtain the following result which indicates an

(2.10)

equivalent relationship between (2.1) and (2.7).

Proposition 2.2. Suppose z* = (x*, y*, w") and (A", u") is the
corresponding multipliers vector. Then z* is a stationary point of problem
(2.1) if and only if (2*,1?) is a KKT pair of (2.7) for n=0 with
multipliers l:;:(k*,l:;), where

2.11)

l

7 {wfuf if ie Iy(z*)ﬁ{i cyi =0},
yiut if ie Iy(z2")2i - wf =0

For the sake of simplicity, we use the following notation:

H(Z’ l’l) = H(x7 Y, W, H) = (hl(z’ H)? hQ(Z’ H)? ) h2m(27 ”’))T’

h](x’y’w>u):F](xay)_w] j:1~ma

hi(x, y, w, n) = @j(y, w,n) j=m+1~2m,

hj(z, 1) = {

Vif(x,y) Vi@ y)  Oupem
}VEZL(Z) = V%fxf(x’ y) v?/yf(x’ y) Omxm |»

Omxn Omxm Omxm

Vi(x, y)
0

8(z) = (
aj(2) = Vhj(z, n),j e T2, 2, -+, 2m}, A(2) = (a;(2),j e T),
Jpo=J(x, yw,m) = {i: k(2 p) > 0},
Jo ={i:hi(z,n)=0},J_={i: hi(z pn) <0}
We can rewrite the above problem (2.7) more compactly as

min f(x, y) st. H(z, p)=0. (2.12)

We define an auxiliary program problem (FP) of (2.12)
(FP) min G.(z, p),

where c is a positive parameter and
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G(z, 1) = f(2) + | H(z, n)];- (2.13)

The directional derivative of G.(z, n) at the point z along the
direction d is defined by

GC(Z + Gd> M) — Gc(z’ M)

(¢

PGz v )= iy,

The following result will be necessary in the next section.

Lemma 2.1 [5]. Vz € R"™?™ d e R"?™, we have

DG.(z, 1, d) = g(z)'d+c > aJTd +e Y |a]Td| -cy a?d.
Jedy jed, jed_

Now, the algorithm for the solution of the problem (2.12) can be
stated as follows.

Algorithm A:

Step 1. Given z' € R"™?™ and an initial symmetric positive definite

matrix Bj € R(n+2m)x(n+2m) — Chgose parameters 1 e (2, 3),e > 0,
ae(O,%),co 50,1 >0,8>0. Set k= 1.
Step 2. For the current point 2F , compute
Ay = A(Z*), F, = F(z*) = (Al B,A,) " AL By,

P, = P(z") = Bi(I, 90m — AuFy),

dk = _Pkg(zk)_ F};TH(zk’“k)’

V' = ~F,g(2") + (AF BiAy )t H(2", uy ). (2.19)
Step 3. If d® =0, pj, < &, STOP. If d* =0, pj, > &, set p, = %uk,

and go to Step 2. Otherwise, set pn;, = %uk, and go to Step 4.
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Step 4. Compute 7, = max {|ljf(2k )| :jeT, and hj(zk,uk)¢0}+co,

maxi{ 1, C,_1+&} Cp_1 =1,
Ck:{ X{ T, Cp1+E} Cp ST @.15)
Ch-1 Cp1 > T
Step 5. Let
s" = —FL(|d*|Fe + Hr), (2.16)

where Hi=(h',jeT)=(hj(z"+d" ny),jeT), e=(1,1,-,1) e R,
If

G, (2" +d" + 5%, 1) < G, (2%, up) + aDG,, (2%, 1y, dF),  (217)

set Ap =1, qk =d*+ sk, go to Step 7.
Step 6. Compute Ap, the first number A in the sequence

{1, %, %, } satisfying

G, (2" +0d*, uy) < G, (2%, up) + aADG,, (2%, 1y, d"), (2.18)
set qk = d*.

Step 7. Set AR kqu, and compute a new symmetric positive
define matrix Bj.; by means of some suitable technique. Let £ = k + 1,

and go back to Step 2.
3. Global Convergence of Algorithm

In this section, we analyze the global convergence of the algorithm.
The following assumption is required in subsequent discussions.

H 3.1. The sequence {zk} generated by the algorithm is bounded,
and the sequence{B;} of matrices is uniformly positive definite, i.e.,

there exist two positive constants a; and & such that

a ||y||2 <yI'B,y< b1||y||2, for all k, y e R"2™,
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k

Suppose 2° — z*, B, — B., k € K. Itis obvious that

F, > F,P, > P,d" >d, " >0 kek. (3.1)

Lemma 3.1. If {z* Ykex — 2z holds, then there exists a positive
integer ko such that ¢, = cy ¢, forall k 2 k.
According to Step 4, we know that ¢, > |U;e | + cg, j € T. Therefore,
from Lemma 3.1 and (3.1), it holds that
¢c2|07|+¢co >0 jeT. (3.2)
Lemma 3.2. If d* =0 or equivalently, DG,(z*, n, d*) =0, then
2" is a KKT point of (2.12). If d* # 0, then DG.(z"*, u,, d*) <0 and
d” is a descent direction of (FP) at the point 2.

Proof. We divide the proof into two cases:

Case 1. Suppose DGC(Zk, U, dk) = 0. In view of (2.14), we obtain
that

FLA, = (AFBLA, YAl BLA, = 1, P,A, = 0, P,B;'P, = P,.
Furthermore, we get that
Apd" = AL (- Poa(z")- F H(", 1)) = A Ppg(z") - AL F H(Z* )

= -A} Brg(2") + A} By AL Fre(2") - (FrAp) H(Z", )

= -H(z", wp), (3.3)
and

g(2*'d" = —g(" ) Pg(zh) + o H(2, wy)
— H(2", )" (AF B AL T H(ZE ).

From Lemma 2.1, we have that
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DG, (2%, uy, d*) = g(zF)Td* + CZ (a®)'dk - cz (a%)'d"

jed, jed_
<-g(z" ) Pg(z")+ Y (c-F)(ah) d
jedy
- > e+ ) (@) dh. (3.4)

jed_
So, from (3.2) and PkBlglPk = P,, it holds that g(z*)+ A"
=0, H(z", ug) = 0, which shows that z* is a KKT point of (2.12).

Case 2. Suppose DGC(zk, Uy, dk) # 0. From (3.4), Lemma 3.1, for
k > kg large enough, the fact that 2* is not a KKT point of (2.12) implies
that DG, (z*, pj,, d*) < 0.

Theorem 3.1. The algorithm A generates an infinite sequence {zk}
whose any accumulation point z* is KKT point of (2.12).
Proof. Suppose that {z* twex — 2. Firstly, from the definition of
G.(z", up), it is easy to show that
G.(z", up) > G.(z*,0), k - . (3.5)

We divide the rest of the proof into two cases by the structure of the
algorithm:

Case 1. If there exist a subsequence K; < K(|K;|= «), such that

Vk € Ky, PR L kqu are generated by Step 5 and Step 7, then, in
view of (2.17), we get that

0 = lim (G.(2*", up) - G.(2%, np)) < lim aDG, (2", uy, d¥) < 0.
kEKl kEKl
So, we know DG.(z", 0, d") = 0. From Lemma 3.2, it is obvious that z"
is a KKT point of (2.12).

Case 2. Without loss of generality, suppose Vk eK1,2k+1

=2k +quk are generated by Step 6 and Step 7. Suppose by
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contradiction that z* is not a KKT point of (2.12). Similar to Theorem 3.7
in [6], we can get that 2% is a KKT point of (2.12), too.

4. Superlinear Convergence

In this section, we will analyze and verify the superlinear
convergence. We first give the following assumption:
H 4.1. Suppose z* is an accumulation point of sequence {zk }

produced by algorithm A, B — B,, &k > »o, and the second order
sufficient condition holds under KKT point pair (2", v ).

According to [5, 4], similarly, we can obtain the following result.

Lemma 4.1. Suppose that assumptions H2.1 ~ H4.1 hold, then we
have that |s*| = O(|d*|?), and

lim 2% = z*, lim d* = 0, lim v" =v".
k—w k—o k—>o0

In order to obtain the superlinear convergence, the following

assumption is necessary:

H4.2. |Pu( B -V2L(", o, ))d"

=o(|d"|), where
,PI; =Iyiom — Ak(AZAk )Ai{’ szz(zk,lf)\g,,uk)

2 k iy
= VELER )+ D VIt ).
jeT
Lemma 4.2. Suppose that assumptions H2.1 ~ H4.2 hold, then
Ap =1, 2 — xR p dk s for all sufficiently large k.

Proof. For all sufficiently large &, set

O 2 G (2" +d" +", w,)-G. (", w,)-aDG (2, . d")
1
= g(")1(@" +s*)+ 5 (@) VELE" A" + of|d*?)

1k 2
+c E (1;(z", ue )+ (af )'a +(a¥ ) +§(d}’ ) V2hy(2", wy )d"
jeT
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+ o(ld* P ) - ki (2", up)D)

—a(g(z")d" +c (a?)"d"
1T, h] Zk, ug )>0

-c Z ((l;e Y dk).

ieT, hj(2", uy )<0
In view of Lemma 4.1, we have that

Ajlsh = d*Fe— HY, (a%)'s* = d* [~ hj(* +d*, wp) je T,
1 .
(af)'s* + 5 (@) VPhj(*, wp)d" = d* "+ of|d* ). j e T,

gk = (@) Bilah + 3 ol (2F ),
jeT

gz (@ + %) = ~(a")'By'd" - Y o (@) (" + ")+ old" P,

jeT
~ ~ 1 ~
=D @)@k sty =D oy (2R, pk)+§(dk)T(Z V'V2h,
JjeT jeT jeT
(2%, up))d® + of|d*|?). (4.1)

Hence
1 _ 1 =~ " -
0, = (o — 5 ) (@) Bld" + S (@) (VE LG, o, ) - Bt )a"

—(-a)Y (e=[u]) IhiE" el + o(ld* ).

jeT

Set P, =19, - A(ATA AT, A, = (VRj(2",0), j e T), we get

that P, — P,. Let
d* = Bd"* +p, p = A (AT A, )T Ald",

hence, we have that
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Il =00d* ) el = o(ld* )+ O(A(", up)).

So by a < (0, %), c > |v;?|+co, j e T, we obtain that

0 < (a -3 )ar|d** + o(|d*|?)
~@- )Y (e [0k DR wl+ oA, wp)])-
jeT

Therefore, we have 6, < 0 for all sufficiently large k.

Theorem 4.1. Suppose the assumptions H2.1 ~ H4.2 hold, if

178 =0(||dk||), then the sequence {z"} produced by Algorithm A

converges superlinearly to a stationary point z* of (2.1), i.e., ||zk+1 - 2"

= of|* - 2*)).

(1]

(2]

(3

(4]

(5]

(6]
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