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Abstract 

By using a complementarity function, the mathematical program with 
equilibrium constraints (MPEC) problem is transformed into a nonlinear 
programming, and a new algorithm is proposed for the solution of (MPEC) 
problem. Under some suitable conditions, the proposed method is proved to 
possess not only global convergence, but also superlinear convergence rate. 
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1. Introduction 

We consider the following (MPEC) in which the constraints are 
defined by a nonlinear complementarity problem: 

( ) ( ) ,0,0s.t.,min ≥⊥≤ yyxFyxf  (1.1) 

where mmnmn RRFRRf →→ ++ :,:  are continuously differentiable, 

and ba ⊥  denotes orthogonality of any vectors ,, nRba ∈  i.e., .0=ba  
Such problems play an important role in many fields such as the design 
of  transportation networks, economic equilibrium and engineering 
design etc., see [2]. 

Due to the existence of the complementarity constraints, it is a very 
difficult research to solve the (MPEC). There have been many scholars to 
study the (MPEC). Outrata et al. [3] pointed out that the Mangasarian-
Fromovitz constraint qualication (MFCQ) does not hold at any feasible 
point of this (MPEC). So the theory for nonlinear programming can not 
be directly applied to the problem (1.1), hence standard methods are not 
guaranteed to solve such problems. [1] proposed a class of SQP 
algorithms for the solution of a kind of mathematical programs with 
linear complementarity constraints (MPLCC). However, they only 
possess global convergence. 

In this paper, by means of the perturbed technique and a generalized 

complementarity function ( ) ( ) ,,,2,, 222 Rbabababa ∈µ++−+=µϕ  
we transform equivalently problem (1.1) into a nonlinear equation 
constrained optimization problem. Then, we propose a new algorithm for 
the solution of (MPEC) problem by introducing a project variable metric 
algorithm. Under some suitable conditions, the proposed algorithm is 
proved to possess global convergence and superlinearly convergent rate. 

2. Preliminaries, Equivalent Reformulations and Algorithm 

The problem (1.1) is equivalent to the following reformulations: 

( ) ( ) .0,,ts,min == ywyxFw..yxf  (2.1) 
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The symbols we use in this paper are standard. For convenience, we 
list some of them as follows: 

( ) ( ) ( ) ( ),,,,,,,,,, kkkkkkk wytwyxzwytwyxz ====  

( ) ( ),,,,, dwdydtdwdydxdz ==  

( ) ( ) { ( ),,:,,,,, 0 yxFwzXdwdydtdwdydxdz kkkkkkk ====  

},0=ywT  

( ) ( ) { }.,,1,,,,,,,, 2121 mLbbbbaaaA p
TT

p
TTT ===  

Throughout this paper, we suppose that the following assumptions 
hold: 

H 2.1. The functions ( )yxf ,  and ( )yxF ,  are all twice continuously 
differentiable. 

H 2.2. For all ,0Xz ∈  the vectors { ( ) }Tjza j ∈:  are linearly 

independent. 

Proposition 2.1. Suppose that 0Xz ∈∗  satisfies the so-called 

nondegeneracy condition: 

( ) ( ) .,2,1,0,0, miwy ii =≠∗∗  (2.2) 

Then ∗z  is a stationary point of the problem (2.1) if and only if there exist 

multipliers ( ) ∈λ ∗∗ u,  mm RR ×  such that 

             ( ( ) ,0
0

,
0

, =















+λ









−
∇+







∇ ∗

∗

∗∗
∗∗∗∗

u
Y
W

I
yxFyxf                     (2.3) 

where ∗W  and ∗Y  are diagonal matrices with diagonal entries ∗
jw  and 

,~1, mjyj =∗  respectively. 

In this paper, we use a complementarity function [ )2: 0,R Rϕ × +∞ →  
defined by 
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( ) ,2,, 22 µ++−+=µϕ bababa  for ( ) [ ).,0,, 2 ∞+×∈µ Rba  (2.4) 

For the complementarity function ,ϕ  we have the elementary 
property as follows: 

                       ( ) .,0,00,, µ=≥≥⇔=µϕ abbaba                      (2.5) 

This kind of function has wide applications to transform a 
complementarity constraint into an equality constraint. Obviously, 
( )⋅⋅⋅ϕ ,,  is differentiable at any ( ) ( ),0,0,0, ≠µba  

( ) ( ) ,
2

1,
2

1,,,
2222

TT

ba
b

ba
a

b
ba

a
ba















µ++
−

µ++
−=








∂
µϕ∂

∂
µϕ∂  (2.6) 

and 

( ) ( ) ,2,,0,2,,0 <
∂

µϕ∂
<<

∂
µϕ∂

< b
ba

a
ba  

( ) ( ) .0223,,,, 22
>−≥








∂
µϕ∂

+







∂
µϕ∂

b
ba

a
ba  

We now consider the following perturbed problem associated with 
problem (2.1): 

( )yxf ,min   (2.7) 

( ) ( ) ( ) ,0,,,,.t.s =µΦ=µ wyyxFwNLP  

where ( ) mm RRwy →Φ 2:,  is defined by 

                     ( ) ( ) ( )( ) .,,,,,,,, 11
T

mm wywywy µϕµϕ=µΦ                (2.8) 

Let ( ) mmnkkkk RRRwyxz ××∈= ,,  and let ( ) ( ).0,0,0,, ≠µk
k
i

k
i wy  

The following equality holds: 

( ) ( ) ,,, Tk
w

k
yk

k
t t ΓΓ=µΦ∇   (2.9) 

where 

( ) ( ( ) ),~1,,,diag,, miwywy k
k
i

k
ik

kkk
y =µγ=µΓ=Γ  

( ) ( ( ) ),~1,,,diag,, miywyw k
k
i

k
ik

kkk
w =µγ=µΓ=Γ     
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( ) .
2

1,,
22 µ++

−=µγ
ba
aba  (2.10) 

Obviously, it is easy to obtain the following result which indicates an 
equivalent relationship between (2.1) and (2.7). 

Proposition 2.2. Suppose ( )∗∗∗∗ = wyxz ,,  and ( )∗∗λ u,  is the 

corresponding multipliers vector. Then ∗z  is a stationary point of problem 

(2.1) if and only if ( ),z v∗ ∗  is a KKT pair of (2.7) for 0=µ  with 

multipliers ( ), ,v v∗ ∗ ∗= λ  where 

iu∗ ( ) { }
( ) { }





=∈

=∈
=

∗∆
=

∗∗∗

∗∆
=

∗∗∗

.0:
,0:

iwii

iyii
wizIiifuy
yizIiifuw  (2.11) 

For the sake of simplicity, we use the following notation: 

( ) ( ) ( ( ) ( ) ( )) ,,,,,,,,,,, 221
T

m zhzhzhwyxHzH µµµ=µ=µ  

( )
( ) ( )

( ) ( )



+=µϕ=µ
=−=µ

=µ ,2~1,,,,,
,~1,,,,

, mmjwywyxh
mjwyxFwyxh

zh
jj

jjj
j  

( )
( )

( )
( ) )(
( ) ( ) ,

000
0,,
0,,

,
0

, 22

22
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
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












∇∇

∇∇

=∇





∇=

×××

×

×

mmmmnm

mmyyyx

mnxyxx

zz yxfyxf
yxfyxf

zL
yxf

zg  

( ) ( ) { } ( ) ( ( ) ),,,2,,2,1,, TjzazAmTjzhza jjj ∈==∈µ∇= ∆
 

( ) ( ){ },0,:,,, >µ=µ= ++ zhiwyxJJ i  

{ ( ) } { ( ) }.0,:,0,:0 <µ==µ= − zhiJzhiJ ii  

We can rewrite the above problem (2.7) more compactly as 

( ) ( ) .0,.t.s,min =µzHyxf   (2.12) 

We define an auxiliary program problem (FP) of (2.12) 

( ) ( ),,min µzGFP c  

where c is a positive parameter and 
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( ) ( ) ( ) .,, 1µ+=µ zHczfzGc   (2.13) 

The directional derivative of ( )µ,zGc  at the point z along the 
direction d is defined by 

( ) ( ) ( ) .,,lim,,
0 σ

µ−µσ+
=µ

+→σ

zGdzGdzDG cc
c  

The following result will be necessary in the next section. 

Lemma 2.1 [5]. ,, 22 mnmn RdRz ++ ∈∈∀  we have 

( ) ( ) .,, dacdacdacdzgdzDG T
j

Jj

T
j

Jj

T
j

Jj

T
c

o
∑∑∑

−+ ∈∈∈
−++=µ  

Now, the algorithm for the solution of the problem (2.12) can be 
stated as follows. 

Algorithm A:    

Step 1. Given mnRz 21 +∈  and an initial symmetric positive definite 

matrix ( ) ( ).22
1

mnmnRB +×+∈  Choose parameters ( ) ,0,3,2 >ε∈τ  

( ) .0ˆ,0,0,2
1,0 10 >ε>µ>∈α c  Set .1:=k   

Step 2. For the current point ,kz  compute 

( ) ( ) ( ) ,, 1
k

T
kkk

T
k

k
k

k
k BAABAzFFzAA −===  

( ) ( ),2 kkmnk
k

k FAIBzPP −== +  

( ) ( ),, k
kT

k
k

k
k zHFzgPd µ−−=   

kv ( ) ( ) 1−+−= kk
T
k

k
k ABAzgF ( )., k

kzH µ  (2.14) 

Step 3. If ,ˆ,0 ε<µ= k
kd  STOP. If ,ˆ,0 ε≥µ= k

kd  set ,2
1

kk µ=µ  

and go to Step 2. Otherwise, set ,2
1

kk µ=µ  and go to Step 4. 
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Step 4. Compute max=kr { ( ) : ,k k
jv z j T∈  and ( ) } ,0, 0czh k

k
j +≠µ  

{ }1 1

1 1

max , ,
.

k k k k
k

k k k

r c c r
c

c c r
ε− −

− −

+ ≤
=  >

 (2.15) 

Step 5. Let 

( +−= τedFs kT
k

k ) ,kH   (2.16) 

where ( ),k
k jH h j T= ∈ ( ( ) ),,, Tjdzh k

kk
j ∈µ+=  ( )Te 1,,1,1= .TR∈  

If 

( ) ( ) ( ),,,,, k
k

k
ck

k
ck

kkk
c dzDGzGsdzG kkk µα+µ≤µ++  (2.17) 

set ,,1 kkk
k sdq +==λ  go to Step 7. 

Step 6. Compute ,kλ  the first number λ  in the sequence 

{ },4
1,2

1,1  satisfying 

( ) ( ) ( ),,,,, k
k

k
ck

k
ck

kk
c dzDGzGdzG kkk µαλ+µ≤µλ+  (2.18) 

set .kk dq =  

Step 7. Set ,1 k
k

kk qzz λ+=+  and compute a new symmetric positive 
define matrix 1+kB  by means of some suitable technique. Let ,1+= kk  
and go back to Step 2. 

3. Global Convergence of Algorithm 

In this section, we analyze the global convergence of the algorithm. 
The following assumption is required in subsequent discussions. 

H 3.1. The sequence { }kz  generated by the algorithm is bounded, 
and the sequence{ }kB  of matrices is uniformly positive definite, i.e., 
there exist two positive constants 1a  and 1b  such that 

2 2
1 1 ,T

ka y y B y b y≤ ≤  for all ., 2mnRyk +∈  
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Suppose .,, KkBBzz k
k ∈→→ ∗

∗  It is obvious that 

                 .,~~,,, KkvvddPPFF kk
kk ∈→→→→ ∗∗

∗∗            (3.1) 

Lemma 3.1. If { } ∗
∈ → zz Kk

k  holds, then there exists a positive 

integer 0k  such that ,0 ccc kk ∆
=≡  for all .0kk ≥  

According to Step 4, we know that .,~
0 Tjcvc k

jk ∈+≥  Therefore, 

from Lemma 3.1 and (3.1), it holds that 

.,~~
0 Tjvcvc jj ∈>+≥ ∗∗  (3.2) 

Lemma 3.2. If 0=kd  or equivalently, ( ) ,0,, =µ k
k

k
c dzDG  then 

kz  is a KKT point of (2.12). If ,0≠kd  then ( ) 0,, <µ k
k

k
c dzDG  and 

kd  is a descent direction of (FP) at the point .kz  

Proof. We divide the proof into two cases: 

Case 1. Suppose ( ) .0,, =µ k
k

k
c dzDG  In view of (2.14), we obtain 

that 

( ) .,0, 11
kkkkkkkk

T
kkk

T
kkk PPBPAPIABAABAAF ==== −−  

Furthermore, we get that 

( ( ) ( )) ( ) ( )k
kT

k
T
k

k
k

T
kk

kT
k

k
k

T
k

kT
k zHFAzgPAzHFzgPAdA µ−−=µ−−= ,,    

( ) ( ) ( ) ( )k
kT

kk
k

kkk
T
k

k
k

T
k zHAFzgFABAzgBA µ−+−= ,  

( ),, k
kzH µ−=  (3.3) 

and 

( ) ( ) ( ) +−= k
k

TkkTk zgPzgdzg
T

kv ( )k
kzH µ,  

( ) ( ) ( ).,, 1
k

k
kk

T
k

T
k

k zHABAzH µµ− −  

From Lemma 2.1, we have that 
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( ) ( ) ( ) ( ) kTk
j

Jj

kTk
j

Jj

kTkk
k

k
c dacdacdzgdzDG ∑∑

−+ ∈∈

−+=µ ,,         

( ) ( ) ( ) ( ) kTk
j

k
j

Jj

k
k

Tk davczgPzg ~−+−≤ ∑
+∈

  

( ) ( ) .~ kTk
j

k
j

Jj
davc +− ∑

−∈

 (3.4) 

So, from (3.2) and ,1
kkkk PPBP =−  it holds that ( ) k

k
k vAzg

~
+  

( ) ,0,,0 =µ= k
kzH  which shows that kz  is a KKT point of (2.12). 

Case 2. Suppose ( ) .0,, ≠µ k
k

k
c dzDG  From (3.4), Lemma 3.1, for 

0kk ≥  large enough, the fact that kz  is not a KKT point of (2.12) implies 

that ( ) .0,, <µ k
k

k
c dzDG  

Theorem 3.1. The algorithm A generates an infinite sequence { }kz  

whose any accumulation point ∗z  is KKT point of (2.12). 

Proof. Suppose that { } .∗∈ → zz Kk
k  Firstly, from the definition of 

( ),, k
k

c zG µ  it is easy to show that 

( ) ( ) .,0,, ∞→→µ ∗ kzGzG ck
k

c   (3.5) 

We divide the rest of the proof into two cases by the structure of the 
algorithm: 

Case 1. If there exist a subsequence ( ),11 ∞=⊆ KKK  such that 
k

k
kk qzzKk λ+=∈∀ +1

1,   are generated by Step 5 and Step 7, then, in 
view of (2.17), we get that 

( ( ) ( )) ( ) .0,,lim,,lim0
11

1 ≤µα≤µ−µ=
∈

+
∈

k
k

k
cKkk

k
ck

k
cKk

dzDGzGzG  

So, we know ( ) .0,0, =∗∗ dzDGc  From Lemma 3.2, it is obvious that ∗z  
is a KKT point of (2.12). 

Case 2. Without loss of generality, suppose 1
1, +∈∀ kzKk  

k
k

k qz λ+=  are generated by Step 6 and Step 7. Suppose by 
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contradiction that kz  is not a KKT point of (2.12). Similar to Theorem 3.7 

in [6], we can get that kz  is a KKT point of (2.12), too. 

4. Superlinear Convergence 

In this section, we will analyze and verify the superlinear 
convergence. We first give the following assumption: 

H 4.1. Suppose ∗z  is an accumulation point of sequence { }kz  

produced by algorithm A, ,, ∞→→ ∗ kBBk  and the second order 

sufficient condition holds under KKT point pair ( ), .z v∗ ∗  

According to [5, 4], similarly, we can obtain the following result. 
Lemma 4.1. Suppose that assumptions 1.4H~1.2H  hold, then we 

have that ( ),2kk dOs =  and 

∞→∞→
∗

∞→
==

k
k

k
k

k
dzz lim,0lim,lim .kv v∗=  

In order to obtain the superlinear convergence, the following 
assumption is necessary: 

H 4.2. ( ( ) ) ( )1 2 , , ,k k k k
k k zz kP B L z v d o d− − ∇ =µ  where 

kP ( ) ,2
T
kk

T
kkmn AAAAI −= + ( )2 , ,k k

zz kL z v µ∇  

( ) ∑
∈

+∇=
Tj

k
zz zL2 k

jv ( ).,2
k

k
j zh µ∇  

Lemma 4.2. Suppose that assumptions 2.4H~1.2H  hold, then  

,1≡λk ,1 kkkk sdxz ++=+  for all sufficiently large k. 

Proof. For all sufficiently large k, set 

( ) ( ) ( ), , , ,k k k k k k
k c k c k c kG z d s G z DG z dθ µ µ α µ+ + − −  

( ) ( ) ( ) ( ) ( )22
2
1 kkk

zz
TkkkTk dodzLdsdzg +∇++=  

( ( ) ( ) ( ) ( ) ( ) k
k

k
j

TkkTk
j

kTk
jk

k
j

Tj
dzhdsadazhc µ∇+++µ+ ∑

∈

,2
1, 2  
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( ) ( ) )k
k

j
k zhdo µ−+ ,2  

( ( )
)(

( ) kTk
j

zhTi

kTk dacdzg
k

k
j

∑
>µ∈

+α−

0,,

 

( )

( ) ).
0,,

kTk
j

zhTi

dac
k

k
j

∑
<µ∈

−  

In view of Lemma 4.1, we have that 

−−= τedsA kkT
k ,kH ( ) ( ) ,,, Tjdzhdsa k

kk
j

kkTk
j ∈µ+−−= τ  

( ) ( ) ( ) ( ) ,,,2
1 22 Tjdoddzhdsa kkk

k
k

j
TkkTk

j ∈+−=µ∇+ τ  

( ) ( ) ∑
∈

− +−=
Tj

k
k

TkkTk dBddzg 1 k
j jv h ( ),, k

kz µ  

( ) ( ) ( ) ∑
∈

− −−=+
Tj

k
k

TkkkTk dBdsdzg 1 k
jv ( ) ( ) ( ),2kkkTk

j dosda ++  

∑
∈

−
Tj

k
jv ( ) ( ) ∑

∈

=+
Tj

kkTk
j sda k

j jv h ( ) ( ) (∑
∈

+µ
Tj

Tk
k

k dz 2
1, 2k

j jv h∇  

( )) ( )., 2kk
k

k dodz +µ  (4.1) 

Hence 

( ) ( ) ( ) ( ( ,~
2
1

2
1 21 k

zz
Tkk

k
Tk

k zLddBd ∇+−α=θ − ,kv ) ) k
kk dB 1−−µ  

            ( )∑
∈

α−−
Tj

1 ( )k
jc v− ( ) ( )., 2k

k
k

j dozh +µ                 

 Set ( ) ( ( ) ),,0,,~ 1
2 TjzhAAAAAIP j

TT
mn ∈∇=−= ∗

∗∗
−

∗∗∗+∗  we get 

that .~~
∗→ PPk  Let 

                      ( ) ,,~ 1 kTTkk dAAAAdPd ∗
−

∗∗∗∗ =ρρ+=  

hence, we have that 
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                       ( ) ( ) ( ( ) ).,, k
kkk zhOdodO µ+=ρ=ρ  

So by ( ) ,,,2
1,0 0

~
Tjcvc k

j ∈+≥∈α  we obtain that 

( ) ( )22
12

1 kk
k doda +−α≤θ  

( ) ( ) ( ) ( ( ) ).,,1
~

k
k

k
k

j
k
j

Tj
zhozhvc µ+µ−α−− ∑

∈

 

Therefore, we have 0≤θk  for all sufficiently large k. 

Theorem 4.1. Suppose the assumptions 2.4H~1.2H  hold, if 

( ),k
k do=µ  then the sequence { }kz  produced by Algorithm A 

converges superlinearly to a stationary point ∗z  of (2.1), i.e., ∗+ − zzk 1  

( ).∗−= zzo k  
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